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According to Born’s rule quantum probabilities are given by the overlap between the system
state and measurement states in a quite symmetrical way. This means that both contribute to
any observed nonclassical effect that is usually attributed just to the observed light state. This is
relevant since typical measurement are highly non classical by themselves, such as number states and
quadrature eigenstates. We show that nonclassical effects only arise provided that the measurement
is itself nonclassical. Otherwise there is a classical-like model accounting for the observed statistics.
PACS numbers: 42.50.Ar, 42.50.Xa,03.65.Ta
I. INTRODUCTION
Nonclassical effects are at the heart of the quantum
theory. They are relevant both from fundamental as well
as from practical reasons, since nonclassicality is actually
a resource for future quantum technologies [1].
Nonclassicality is always revealed by peculiar effects in
observed statistics p(m|ψ) where ψ is the system state
and m the outcomes. According to Born’s rule quantum
statistics are determined in a symmetrical way by the
system state |ψ〉 and the measurement states |m〉, this is
P (m|ψ) = |〈m|ψ〉|2 [2], where typically |m〉 are the eigen-
vectors of the measured observable. This raises the ques-
tion of whether the nonclassicality revealed by P (m|ψ)
is a property of the observable states |m〉 or a property
of the state |ψ〉 being observed. This is specially per-
tinent since typically |m〉 are highly nonclassical states
by themselves, say number states and infinitely squeezed
states, in photon-number and quadrature measurements,
respectively [3].
Despite this natural and simple remark, the non classi-
cality has been always ascribed to the observed state. A
quite remarkable example is the photoelectric effect, that
can be regarded as an observation of the light intensity.
This is usually interpreted as a proof of the quantum
nature of the light, although it can be satisfactorily ex-
plained exclusively in terms of the quantum properties of
the detector, this is to say that it admits a semiclassical
explanation [4–6].
In this work we demonstrate that the nonclassicality
of the detector is a necessary condition to obtain non-
classical statistics P (m|ψ). This can be particularized to
some simple and common signatures of nonclassical light
such as subPoissonian statistics, quadrature squeezing
and photon anti-correlations showing that they unavoid-
ably requires detectors that are themselves nonclassical.
∗Electronic address: alluis@fis.ucm.es; URL: http://www.ucm.es/
info/gioq
Strictly speaking, a single-observable statistics P (m|ρ)
cannot reveal by itself nonclassical behaviour. This is
because in classical physics we can always replicate any
quantum probability distribution. The most clear quan-
tum signature is the lack of a joint probability distri-
bution for incompatible observables. This naturally in-
cludes as a particular case the flagship on nonclassical
signatures is the lack of a bona fide Glauber-Sudarshan
P (α) distribution [7]. This is not the only criterion. Ac-
tually this is a particular case of a more general approach
which consider pathologies in the statistics of the joint
measurement of any two observables [10, 11], that can re-
veal nonclassical behavior even for states with bona fide
Glauber-Sudarshan P (α) distributions such as Glauber
and SU(2) coherent states [8, 9, 11, 12].
In this work we examine the role of the nonclassicality
of the measurement on the nonclassicality of observed
statistics P (m|ρ).
II. JOINT MEASUREMENTS
For completeness let us outline here the basic methods
revealing non classicality in a joint measurement scenario
[10, 11].
A. Probability distributions
In the most general case, joint measurements take
place in an enlarged space with auxiliary degrees of free-
dom in a fixed and known state. The statistics can be
properly represented in the system space by a positive
operator-valued measure (POVM) ∆˜(x, y)
p˜(x, y) = tr
[
ρ∆˜(x, y)
]
, (2.1)
and ρ is the density matrix of the system state, x, y
are the outcomes in the measurement of two observ-
ables. More specifically we asume that the corresponding
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2marginal POVMs ∆˜X(x) and ∆˜Y (y)
∆˜X(x) =
∫
dy∆˜(x, y), ∆˜Y (y) =
∫
dx∆˜(x, y), (2.2)
provide complete information about X and Y , respec-
tively. This is to say that there are functions µA(a, a
′)
such that
∆A(a) =
∫
da′µA(a, a′)∆˜A(a′), (2.3)
A = X,Y, a = x, y, where the functions µA(a, a
′)
are state-independent and completely known as far as
we know the measurement being performed, and ∆A(a)
are the exact, true POVMs corresponding to the system
observables A = X,Y .
The key idea is to extend this inversion (2.3) from the
marginals to the complete joint distribution, to obtain a
operator-valued measure [10, 11, 15]:
∆(x, y) =
∫
dx′dy′µX(x, x′)µY (y, y′)∆˜(x′, y′). (2.4)
By construction the proper marginals are recovered
∆X(x) =
∫
dy∆(x, y), ∆Y (y) =
∫
dx∆(x, y). (2.5)
Likewise, all these relations hold between the corre-
sponding probability distributions, in particular for the
observed marginals p˜A(a), the inversion procedure
p˜A(a) = tr
[
ρ∆˜A(a)
]
, pA(a) =
∫
da′µA(a, a′)p˜A(a′),
(2.6)
and, finally, for the inferred joint distribution
p(x, y) = tr [ρ∆(x, y)] , (2.7)
so that
p(x, y) =
∫
dx′dy′µX(x, x′)µY (y, y′)p˜(x′, y′). (2.8)
This is where the difference between classical and quan-
tum physics emerges. As recalled below, in classical
physics this program derives always in a bona fide joint
probability distribution p(x, y). This is not the case in
quantum physics, where p(x, y) may not exist or take
negative values as a clear signature of nonclassical be-
haviour.
This procedure includes all the other known ap-
proaches to nonclassical light such as pathological
Glauber-Sudarshan distribution P (α). This is because
P (α) pretends to be a joint distribution for incompatible
field quadratures and is always determined via some kind
of inversion procedure that provides always a bona fide
probability distribution in the classical regime.
B. Classical physics
Let us show that the inferred distribution obtained
from the inversion procedure (2.8) leads always to a bona
fide probability distribution p(x, y).
Classically, the state of the system can be completely
described by a legitimate probability distribution p(α),
where α are all admissible states for the system, i. e.,
the corresponding phase space.
So the observed joint statistics can be always expressed
as
p˜(x, y) =
∫
d2αX˜(x|α) Y˜ (y|α)p(α), (2.9)
where A˜(a|α) is the conditional probability that the ob-
servable A˜ takes the value a when the system state is α.
By definition, phase-space points α have definite, non-
contextual values for every observable so the factorized
product of conditional probabilities X˜(x|α)Y˜ (y|α) holds.
Strictly speaking they are the product of delta functions.
In any case, this means that all A˜(a|α) exist, are nonneg-
ative, and no more singular than a delta function. So Eq.
(2.9) expresses the separability of any joint measurement
in classical optics.
By construction, we know that there are µA(a, a
′) func-
tions so that the analog of Eq. (2.6) holds and we get
the exact conditional probabilities
A(a|α) =
∫
da′ µA(a, a′) A˜(a′|α). (2.10)
where A(a|α) is the conditional probability that the ob-
servable A takes the value a when the system state is
α.
Thus, because of the separable form for the observed
joint statistics in Eq. (2.9) we readily get from Eqs. (2.8)
and (2.10) that the result of the inversion is the actual
joint distribution for X and Y
p(x, y) =
∫
d2αX(x|α) Y (y|α)p(α). (2.11)
Thus, lack of positivity or any other pathology of the
retrieved joint distribution p(x, y) is then a signature of
nonclassical behaviour. In turn, a necessary condition
for this pathological behaviour of p(x, y) is the lack of
separability of the observed joint probability distribution
p˜(x, y).
III. THERE IS NO NONCLASSICAL LIGHT
WITHOUT NONCLASSICAL DETECTORS
Let us express the inferred POVM (2.4) in the Glauber-
Sudarshan representation as
∆(x, y) =
∫
d2αp(x, y|α)|α〉〈α|, (3.1)
3where |α〉 are the Glauber coherent states. Then
p(x, y) = pi
∫
d2α p(x, y|α)Qρ(α), (3.2)
being Qρ(α) the Husimi Q function of ρ
Qρ(α) =
1
pi
〈α|ρ|α〉. (3.3)
We are attempting to describe classical measurements
within a quantum scenario. The most natural way is to
mimic the classical structure of statistics in Eq. (2.11),
this is to say that p(x, y|α) factorizes with bona fide con-
ditional probabilities
p(x, y|α) = pX(x|α)pY (y|α), pA(a|α) ≥ 0, (3.4)
and Qρ(α) playing the role of the classical p(α). These
are actually the conditions considered when setting a
classical-like scenario to derive the Bell inequalities.
With this the joint distribution becomes
p(x, y) = pi
∫
d2αpX(x|α)pY (y|α)Qρ(α). (3.5)
A key point here is that for every ρ the function Qρ(α)
exists and is nonnegative Qρ(α) ≥ 0. Thus, for classical
detectors we have always a classical-like hidden-variable
model where Qρ(α) plays de role of a joint distribution
over the classical variables α so that p(x, y) is always
a bona fide probability distribution an there is no non-
classicality. This is to say, that there are nonclassical
effects only if the observables measured are themselves
nonclassical, this is that pA(a|α) do not exist, take neg-
ative values or are more singular than delta functions.
In other words, nonclassical distributions p(x, y) are ob-
tained only if the POVM elements ∆(x, y) are more non-
classical than Glauber coherent states.
The other way round we may consider the Glauber-
Sudarshan representation for the system state ρ exchang-
ing the roles of state and observables in Eqs. (3.1) and
(3.3)
ρ =
∫
d2αPρ (α) |α〉〈α|, (3.6)
so that the inferred joint distribution can be expressed
as
p(x, y) = pi
∫
d2αPρ(α)Q∆(x,y)(α), (3.7)
being [13, 14]
Q∆(x,y) =
1
pi
〈α|∆(x, y)|α〉. (3.8)
Let us note that now there is an important difference
with respect to Eq. (3.5). This is that Q∆(x,y)(α) may
not exist, be more singular than a delta function or take
negative values. An example of each one of these possi-
bilities can be found in Ref. [11]: lack of existence for a
suitably designed double homodyne detector, and nega-
tive for one-half spin-like measurements. Thus, there is
room to observe nonclassical phenomena for states with
well defined nonnegative Pρ(α), such as coherent states.
We may say that they are revealing the nonclassicality
of the observation procedure, but let us recall that we
have just demonstrated that nonclassical measurements
is always a necessary condition even if the system state
is more nonclassical than coherent states.
IV. SOME SIMPLE EXAMPLES
The above analysis shows that all quantum signatures
must vanish whenever the measurement is classical and
∆(x, y) admits a well-behaved Glauber-Sudarshan dis-
tribution irrespective of the quantumness of the observed
light state. Let us illustrate this point with some paradig-
matic examples of nonclassicality.
A. SubPoissonian statistics
A classic test of nonclassicality is subPossonian statis-
tics, ∆2n < 〈n〉 which is incompatible with a bona fide
Pρ(α). Fur projection on number states the correspond-
ing pN (n|α) is extremely singular and thus nonclassical
[18], this is
|n〉〈n| =
∫
d2αpN (n|α)|α〉〈α|. (4.1)
where pN (n|α) is actually the Glauber-Sudarshan P
function of a number state being extremly singular con-
taining derivatives of the delta function
pN (n|α) = n!e
|α|2
2pi|α|(2n)!
∂2n
∂|α|2n δ (|α|) . (4.2)
Let us examine whether the subPoissonian behavior still
holds when we replace the above highly nonclassical
pN (n|α) by its classical version
pN (n|α) = δ
(
n− |α|2) , (4.3)
where n is now a continuous variable. In such a case the
corresponding statistics reads
pN (n|ρ) = 1
2
∫
2pi
dφQρ
(
α =
√
neiφ
)
, (4.4)
where we have used that d2α = (1/2)d|α|2dφ and φ is
the phase of α. This statistics can be related with the
actual exact photon-number distribution pm in the form
pN (n) =
∞∑
m=0
nme−n
m!
pm, (4.5)
4where pm = 〈m|ρ|m〉 and |m〉 are number states, nˆ|m〉 =
m|m〉, being nˆ the number operator.
It is worth noting that this clearly resembles the for-
mula for the number of photoelectrons recorded in a pho-
toelectric scenario, just by replacing the classical distri-
bution for the integrated intensity by the discrete photon-
number distribution pm. The parallels are even more
noticeable if we recall that the photoelectron distribu-
tion arises in a semiclassical calculus, where the light
is described classically while the detector is quantum.
Here the situation is just the opposite, the detector is
considered classical while the light is treated quantum-
mechanically. Thus, this is some kind of semiquantum
model.
Taking into account that∫ ∞
0
dn nke−n = k!, (4.6)
we readily get from Eqs. (4.4) and (4.5)
〈n〉 = 〈nˆ〉+ 1, (4.7)
and
〈n2〉 = 〈nˆ2〉+ 3〈nˆ〉+ 2, (4.8)
so that
∆2n = 〈n2〉 − 〈n〉2 = ∆2nˆ+ 〈n〉 ≥ 〈n〉. (4.9)
So, if we replace quantum by classical-like measurement
all states are Poissonian (number states) or superPois-
sonian (all the rest). Therefore, we may safely say that
subPoissonian statistics holds only if the measurement is
subPoissonian itself, and so non classical.
B. Anticorrelation
Next we move from subPoissonian statistics to anticor-
relation of photocounts in the typical scenario displayed
in Fig. 1, as the flagship of quantum optics. There a sin-
gle photon impinges on a lossless beam splitter and two
joint intensity measurement are performed at the outputs
of the beam splitter. Since the photon is indivisible, the
detectors can never both trigger simultaneously so that
〈nˆ1nˆ2〉 = 0. This is maybe the most clear and simple
evidence of the quantum nature of light [19].
Thus we consider a two-mode version of the classical
measurement described by the PN (n|α) function in Eq.
(4.3) to obtain the statistics when the field is in the one-
photon state
p(n1, n2|ρ) = (Rn1 + Tn2) e−n1−n2 , (4.10)
|1>
|0>
n1 I1
n2 I2
FIG. 1: Anti-correlation of photo counts for a single-photon
input sate.
|1>
|1>
n1 I1
n2 I2
FIG. 2: Anti-correlation of photo-counts for a twin-photon
input sate.
where R, T are the transmission and reflection coeffi-
cients with T +R = 1. We simply get
〈n1n2〉 = 2, (4.11)
so that the alleged quantum effect would be never ob-
served if the detectors were classical-like devices.
Along the same lines we may examine the Hong-Ou-
Mandel effect illustrated in Fig. 2 [20], where two pho-
tons impinge simultaneously on the input ports of a loss-
less 50 % beam splitter. The quantum theory predicts
the result 〈nˆ1nˆ2〉 = 0 again, as an evidence of the quan-
tum nature of light.
However, this result is not preserved if we replace the
detectors by classical-like measurements as before, since
the joint statistics would be:
p(n1, n2|ρ) = 1
4
(
n21 + n
2
2
)
e−n1−n2 , (4.12)
leading to
〈n1n2〉 = 3. (4.13)
C. Quadrature squeezing
As a further test of nonclassicality it is known that
quadrature squeezing, ∆2x < 1/4 where x represents a
5field quadrature x = <{α}, is incompatible with a bona
fide Pρ(α). Here again the statistics of a quadrature
measurement results by projection on the quadrature
eigenstates, that are highly nonclassical being infinitely
squeezed. We carry out the closest classical measurement
by replacing the strongly quantum pX(x|α) by
pX (x|α) = δ (x−<{α}) . (4.14)
so that the corresponding statistics reads
pX(x|ρ) =
∫ ∞
−∞
dyQ (α = x+ iy) , (4.15)
this is
pX(x|ρ) =
√
2
pi
∫ ∞
−∞
dx′e−2(x−x
′)2p(x′), (4.16)
where p(x) = 〈x|ρ|x〉, being |x〉 the quadrature eigen-
states, is the true quantum quadrature distribution asso-
ciated to ρ.
Here again, computing the first two moments we get
〈x〉 = 〈Xˆ〉, 〈x2〉 = 〈Xˆ2〉+ 1
4
, (4.17)
so that
∆2x = ∆2Xˆ +
1
4
≥ 1
4
. (4.18)
Therefore, with classical quadrature measurements there
would be no nonclassical behavior regarding this physical
variable.
V. CONCLUSIONS
We have demonstrated that the nonclassicality of the
detector is a necessary condition to obtain nonclassical
statistics. We have shown explicitly that this is the case
in the most typical signatures of nonclassical behavior,
such as subPoissonian statistics, quadrature squeezing
and photon anti-correlations showing that they unavoid-
ably requires detectors that are themselves nonclassical.
Moreover we have demonstrated that it is possible to ob-
serve nonclassical phenomena for states with well defined
nonnegative Glauber-Sudarshan distribution, such as co-
herent states.
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